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Abstract 



A rectangular layout C is a. rectangle partitioned into a number of interior disjoint smaller rectangles. 
They are used as rectangular cartograms in cartography, as floorplans in VLSI design, and in graph 
' drawing applications. In these applications, areas are often assigned to the rectangles in a rectangular 

layout. It is desirable for one rectangular layout £ to represent several area assignments. A rectangular 
layout C is called area- universal if any assignment of areas to rectangles can be realized by a layout 
, that is combinatorially equivalent to C A basic question in this area is to determine if a given plane 

' graph G has an area- universal rectangular layout or not. A fixed-parameter-tractable algorithm for 

solving this problem was obtained recently Their algorithm takes 0(2'^(^ ^n'^^^^) time, where K is 
^ ' the maximum number of degree 4 vertices in any minimal separation components. For a fixed K, the 

algorithm runs in polynomial time. However, their algorithm takes exponential time in general case. It 
is an open problem to find a true polynomial time algorithm for solving this problem. 
^ , In this paper, we describe such a polynomial time algorithm. Our algorithm is based on new studies of 

04 ' properties of area-universal layouts. The polynomial run time is achieved by exploring their connections 

I to the regular edge labeling construction. 

cn 

CN ! 1 Introduction 
O 

A rectangular layout £ is a partition of a rectangle R into a set {ri, r2 . . . , r„} of disjoint smaller rectangles 
by vertical and horizontal line segments so that no four smaller rectangles meet at the same point. For a 
plane graph G, we say a rectangular layout C represents G if the following hold: (1) The set of smaller 
^ ■ rectangles of C one-to-one corresponds to the set of vertices of G; and (2) two vertices u and v are adjacent 
, in G if and only if their corresponding rectangles in C share a common boundary. In other words, if C 
represents G, then G is the dual graph of £. 

An area assignment function of G = (V,E) is a function a : V —?■ M'^. We say a rectangular layout C 
is a rectangular cartogram for G with respect to a if £ represents G and, for every u G V, the area of the 
rectangle in C corresponding to u equals to a{u). We also say C realizes the area assignment function a. 

The concept of the rectangular cartograms was introduced by Raisz in 1934 as a way of visualizing 
spacial information, such as population or economic output, of geographic regions [13j: Each rectangle rj in 
C represents a geographic region; the positioning and adjacencies of these rectangles are chosen to suggest 
their geographic locations to the viewer; while their areas are chosen to represent the numeric values being 
represented by the cartogram. Heuristic algorithms for computing pre-specified rectangle area for a given 
rectangular layout were presented in [15l [TO] . 
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(1) (2) (3) 

Figure 1: Examples of rectangular layout: (c) and (d) are two combinatorially equivalent layouts with 
different area assignments. Both are area-universal layouts. 



Often, more than one quantity are to be displayed as a cartogram for the same set of geographic regions. 
The first three figures in [T^, for example, are cartograms of land area, population, and wealth within 
the United States. To make the visual comparison of multiple related cartograms easier, it is desirable 
that their underlying rectangular layouts are combinatorially equivalent (to be defined later), although the 
relative sizes of smaller rectangles will differ. Fig[T](l) and (2) show two combinatorially equivalent layouts 
with different area assignments. 

This naturally raises the question: when is this possible? The following notion was introduced in [3]. 

Definition 1. A rectangular layout C is area-universal for a plane graph G if C represents G and, for 
any area- assignment function a of G, there is a layout C that is combinatorially equivalent to C and is a 
cartogram of G with respect to a. 

Area-universal rectangular layouts are useful for side-by-side display of cartograms with different data on 
the same set of regions. In addition, it has applications in a number of other fields |12j . For example, area- 
universal layouts have applications in VLSI circuit design |151 116]. The rectangles in a rectangular layout 
L represent circuit components, and the common boundary between rectangles in C model the connections 
between components. In early VLSI design stage, the chip area requirements of circuit components are 
not known yet. Thus, at this stage, only the relative position of the circuit components are considered. At 
later design stages, the areas of components (namely, the rectangles in C) are specified. An area-universal 
layout C enables the realization of the area assignments specified at later design stages. Thus, the ability 
of finding an area-universal layout for G at the early design stage will greatly simplify design process at 
later stages. As another example, in building design, it is desirable to be able to determine the areas of 
different rooms according to their function [2]. And, in tree-map visualizations, alternative area-universal 
layouts may be of use in controlling rectangle aspect ratios p]. 

This raises the next natural question: What kind layouts are area-universal? This problem was studied 
in [^. A nice characterization of area-universal rectangular layouts was discovered in [3]: 

Theorem 1.0^ rectangular layout C is area-universal if and only if every maximal line segment in C 
is a side of at least one rectangle in C. 

In Fig[Tl the layouts (1) and (2) are area-universal, but the layout (3) is not. (The maximal vertical 
line segment s is not a side of any rectangle.) A plane graph G may have many rectangular layouts. Some 
of them may be area-universal, while the others are not. Not every plane graph has an area-universal 
layout. In |14] . Rinsma described an outerplanar graph G and an area assignment to its vertices such that 
no rectangular layout realizes the area assignment. 

Thus it is important to determine if G has an area-universal layout or not. Based on Theorem [H 
Eppstein et al. [3] described an algorithm that finds an area-universal layout for G if one exists. Their 
algorithm takes 0(2^'^^ ^n^^^^) time, where K is the maximum number of degree 4 vertices in any minimal 
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separation components. For a fixed K, the algorithm runs in polynomial time. However, their algorithm 
takes exponential time in general case. 

In this paper, we describe the first polynomial-time algorithm that finds an area-universal rectangular 
layout for a given plane graph, if it exists. Our algorithm is based on studies of properties of area-universal 
layouts and their connection to the regular edge labeling construction. 

The paper is organized as follows. In Section [2l we introduce basic definitions and preliminary results. 
In Section [3l we outline a Face-Growing algorithm that finds an area-universal rectangular layout for 
G. The algorithm, as described, takes exponential time. Section d] introduces the concepts of ^-pairs 
and Al-triples that are extensively used in our algorithm. In Section [5l we describe how to implement 
Face-Growing algorithm in polynomial time. Section [6] concludes the paper. 

2 Preliminaries 

In this section, we give definitions and important preliminary results. Definitions not mentioned here are 
standard. A graph G = {V, E) is a planar graph if it can be drawn on the plane with no edge crossings. 
Such a drawing is called a plane embedding of G. A plane graph is a planar graph with a fixed plane 
embedding. A plane embedding of G divides the plane into a number of connected regions. Each region 
is called a face. The unbounded region is called the exterior face. The other regions are called interior 
faces. The vertices and edges on the exterior face are called exterior vertices and edges. Other vertices 
and edges are called interior vertices and edges. We use cw and ccw as the abbreviation of clockwise and 
counterclockwise., respectively. 

For a simple path P = {i^i, f2, ■ ■ ■ , Vp} of G, the length of P is the number of edges in P. P is called 
chord-free if for any two vertices Vi,Vj with \i — j\ > 1, the edge {vi,Vj) ^ E. A triangle of a plane graph 
G is a cycle C with three edges. C divides the plane into its interior and exterior regions. A separating 
triangle is a triangle in G such that there are vertices in both the interior and the exterior of G. 

When discussing the rectangular layout £ of a plane graph G, we can simplify the problem as follows. 
Let a, b, c, d be the four designated exterior vertices of G that correspond to the four rectangles in C located 
at the southwest, northwest, northeast and southeast corners, respectively. Let the extended graph Gext be 
the graph obtained from G as follows: 

1. Add four new vertices vw ,vn ■,ve,vs into Gext- 

2. Connect vw to every vertex of G on the exterior face between a and b in cw order. Connect vj^ to 
every vertex of G on the exterior face between b and c in cw order. Connect ve to every vertex of G 
on the exterior face between c and d in cw order. Connect vs to every vertex of G on the exterior 
face between d and a in cw order. 

3. Add four new edges {vw,vn), {vn,ve), ivE,vs), {vs,vw) into Gext- 

It is well known pT] that G has a rectangular layout C if and only if Gext has a rectangular layout 
Cext, where the rectangles corresponding to vw,vn,ve,vs are located at the west, north, east and south 
boundary of Cext, respectively. (See Fig [2] (1)). Thus, when studying the area-universal layout of G, it is 
sufficient to study Gext instead. Hence, without loss of generality, we assume G has exactly four exterior 
vertices. 

Not every plane graph has rectangular layouts. The following well-known theorem classifies the plane 
graphs with rectangular layouts. 

Theorem 2. Jii]/ A plane graph G has a rectangular layout C with four rectangles on its boundary if and 
only if: 
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(l)Lext (2)G,,, (3)G, (A)G^ 

Figure 2: Examples of rectangular layout and REL. (1) Rectangular layout Cext] (2) The graph corre- 
sponding to Cext with an REL TZ = {Ti,T2}; (3) the graph Gi of TZ; (4) the graph G2 of TZ. 



1. Every interior face of G is a triangle and the exterior face of G is a quadrangle; and 

2. G has no separating triangles. 

A plane graph that satisfies the conditions in Theorem [2] is called a proper triangular plane graph. From 
now on we only consider such graphs. 

Our algorithm relies heavily on the concept of the regular edge labeling (REL) of a proper triangular 
plane graph introduced in [8]. RELs have also been studied by Fusy [6l[7|, who refers them as transversal 
structures. REL are closely related to several other edge coloring structures on planar graphs that can be 
used to describe straight line embeddings of orthogonal polyhedra j31[5]- 

Definition 2. Let G he a proper triangular plane graph. A regular edge labeling REL TZ = {ri,T2} of G 
is a partition of the interior edges of G into two subsets Ti,T2 of directed edges such that: 

• For each interior vertex v, the edges incident to v appear in ccw order around v as follows: a set of 
edges in Ti leaving v; a set of edges in T2 leaving v; a set of edges in Ti entering v; a set of edges in 
T2 entering v. 

• Let vn,vwiVs,ve be the four exterior vertices in ccw order. All interior edges incident to vjy are in 
Ti and entering vm- All interior edges incident to vw are in T2 and entering vw- AH interior edges 
incident to vs are in Ti and leaving vs. All interior edges incident to ve are in T2 and leaving ve- 

Fig [2] (2) shows an example of REL. (The green solid lines are edges in Ti. The red dashed lines are 
edges in T2.) It is well known that every proper triangular plane graph G has a REL, which can be found 
in linear time [U [9]. Moreover, from a REL of G, we can construct a rectangular layout of G in linear 
time [U [9]. Conversely, if we have a rectangular layout C for G, we can easily obtain a REL 7^ of G as 
follows. For each interior edge e = (u, v) in G, we label and direct e according to the following rules. Let 
r„ and r„ be the rectangle in C corresponding to u and v respectively. 

• If r„ is located below r^ in the edge e is in Ti and directed from u to v. 

• If r„ is located to the right of in £, the edge e is in T2 and directed from u to v. 

The REL IZ obtained as above is called the REL derived from C. (See Fig [2] (1) and (2)). 
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Definition 3. Let G be a proper triangular plane graph. Let L\ and C2 he two rectangular layouts of G. 
We say L\ and C2 are combinatorially equivalent if the REL of G derived from Ci and the REL of G 
derived from £2 cf^e identical. 

By this definition, the set of RELs of G one-to-one corresponds to the set of combinatorially equivalent 
rectangular layouts of G [H [71 El |9] . We can obtain two directed subgraphs Gi and G2 of G from an REL 
TZ = {Ti,T2} as follows. 

• The vertex set of Gi is V. The edge set of Gi consists of the edges in Ti with direction in Ti, and 
the four exterior edges directed as: — > vwjVs — ^ ve,vw viy,VE ^ vn- 

• The vertex set of G2 is V. The edge set of G2 consists of the edges in T2 with direction in T2, and 
the four exterior edges directed as: vs ^ vw,vn vw,ve — ^ vs^^e vn- 

Fig [2] (3) and (4) show the graph Gi and G2 for the REL shown in Fig [2] (2). For each face /i in Gi, 
the boundary of /i consists of two directed paths. They are called the two sides of /i. Each side of /i 
contains at least two edges. Similar properties hold for the faces in G2 [SI [71 El |9] . 

Definition 4. A REL TZ = {Ti, T2} of G is called slant if the following hold: 

1 . For every face fi in the graph Gi , at least one side of fi contains exactly two directed edges. 

2. For every face f2 in the graph G2, at least one side 0//2 contains exactly two directed edges. 

Theorem [1] classifies the area- universal layouts in terms of maximal line segments in C The following 
lemma classifies area-universal layouts in term of the REL derived from C. 

Lemma 1. A rectangular layout C is area-universal if and only if the REL TZ derived from C is slant. 

Proof: Note that each face in Gi corresponds to a vertical line segment in £, and each face in G2 corresponds 
to a horizontal line segment in C (In the graph G\ show in Fig [2] (3), the face /i with vertices /, e, g, c, h 
corresponds to the vertical line segment that is on the left side of the rectangle h in Fig [2] (1)). 

Assume C is area- universal. Consider a face / in Gi. Let If be the vertical line segment in C corre- 
sponding to /. Since C is area- universal, is a side of a rectangle r in £. Without loss of generality, 
assume r is to the left of /j. Then the left side of the face / consists of exactly two vertices. Thus Gi 
satisfies the slant property. Similarly, we can show G2 also satisfies the slant property. 

Conversely, assume 7^ is a slant REL. The above argument can be reversed to show that C is area- 
universal. □ 

The REL shown in Fig[2| (2) is not slant. Although the slant property holds for Gi faces, it fails for one 
G2 face. So the corresponding layout shown in Fig [2] (1) is not area-universal. By Lemma [H the problem 
of finding an area-universal layout for G is the same as the problem of finding a slant REL for G. From 
now on, we consider the latter problem and G always denotes a proper triangular graph. 

3 Outline of Face-Growing Algorithm 

In this section, we outline a Face-Growing algorithm that generates a slant REL TZ = {Ti,T2} of 
G through a sequence of steps. The algorithm starts from the directed path consisting of two edges 
vs ^ ve ^ vn- Each step adds a face / of Gi to the current graph. When / is added, its right side is 
already in the current graph. The edges on the left side of / are placed in Ti and directed upward. The 
edges of G in the interior of / are placed in T2 and directed to the left. The process ends when the left 
boundary vs — >■ vw VN is added. 
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Definition 5. A cut C of G is a path from vg to ?;jv that is the left boundary of the subgraph of G 
generated during the above procedure. In particular, Cq = vs ^ ve ^ vn denotes the initial cut and 
Ct = — > vw ~^ "^N denotes the final cut. 

For a cut C of G, G^c denotes the subgraph of G induced by the vertices on or in the interior of the 
cycle C U Co- For any two vertices vi,V2 on a cut C, C{vi,V2) denotes the sub-path of C from vi to V2- 

Consider a face / of Gi added during the above procedure. Because we want to generate a slant REL 
TZ, at least one side of / must be a path of length 2. This motivates the following definition. 

Definition 6. Let vi,Vm, Vh he three vertices of G such that vi and Vh are two neighbors ofvm and {vi,Vh) ^ 
E. Let Pew be the path consisting of the neighbors {vi,vi, . . . ,Vp,Vh} of Vm in cw order between vi and Vh- 
Let Pccw be the path consisting of the neighbors {vi,ui, . . . ,Uq,Vh} of Vm in ccw order between vi and Vh- 

1. If Pew is a chord-free path, then the directed and labeled subgraph of G induced by the vertices 
vi,Vm,Vh,vi, ■ ■ ■ ,Vp is called the fan at {vi,Vm,Vh} and denoted by J^{vi,Vm,Vh), or simply g. 

• The front-boundary of g, denoted by a{g), consists of the edges in Pew directed from vi to Vh in 

cw order. The edges in front-boundary are in Ti. 

• The back-boundary of g, denoted by f3{g), consists of two directed edges vi Vm and Vm v^. 

The edges in back-boundary are in Ti. 

• The inner-edges of g, denote by 7(5), are the edges between Vm and the vertices v 7^ vi,Vh that 
are on the path Pew- The inner-edges are in T2 and directed away from v^. 

2. If Pecw is a chord-free path, then the directed and labeled subgraph of G induced by the vertices 
vi,Vm,Vh,ui, . . . ,Uq is Called the mirror-fan at {vi,Vm,Vh} and denoted by M{vi,Vm,Vh), or simply 
9- 

• The front-boundary of g, denoted by a{g), consists of two directed edges vi — >■ Vm to Vm v^. 
The edges in front-boundary are in Ti. 

• The back-boundary of g, denoted by /3{g), consists of the edges in Pccw directed from vi to Vh 
in ccw order. The edges in back-boundary are in Ti. 

• The inner-edges of g, denote by 7(5), are the edges between Vm and the vertices v vi,Vm that 
are on the path Pccw The inner- edges are in T2 and directed into Vm- 

Both T{vi,Vm,Vfi) and M{vi,Vm,Vh) are called a gadget at vi,Vm,Vh- We use 9{vi,Vm,Vfi) to denote 
either of them. The vertices other than vi and Vh are called internal vertices of the gadget. If a gadget g 
has only one inner edge, it can be called either a fan or a mirror-fan. For consistency, we call it a fan. We 
use go = J^{vs,ve,vn) to denote the initial fan, and gr = Ai{vs,vw,VN) to denote the final mirror-fan. 
The following observation is clear: 

Observation 1. For a slant REL, each face f of Gi corresponds to either a fan or a mirror-fan of G. 

Consider a cut C and a gadget g{vi,Vm,Vh). If the back-boundary l3(g) is contained in C, we say g is 
suitable for C. If is a suitable gadget for C and a{g) fl C = 0, we can add g to the current graph G^c by 
stitching the back-boundary of g with the corresponding vertices on C. (Intuitively we are growing a face 
of Gi.) Let G\c ® 9 denote the new graph obtained by adding g to G\c- The new cut of G\c 'S> g, denoted 
by C (7, is the concatenation of three sub-paths C{vs,vi),a{g),C{vfi,VN)- 

The ideas of Face-Growing algorithm is outlined below: 
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Algorithm 1 Ideas of Face-Growing algorithm 
1: Initiahze C = Cq. 
2: repeat 

3: Select a gadget g of G such that: (1) a{g) n C = 0; (2) g is suitable for C; and (3) g is valid for 

C (the meaning of valid will be defined later) . 
4: Form the new cut C C ® g. Form the new partial REL G\c ^ G\c ^ g- 
5: until the final mirror-fan g^ = A4{vs,vw,vn) is added. 



The REL shown in Fig[2] (2) is generated by adding the gadgets: J^{vs, ve, vn), J^{vs, d, h), T{f, h, c), 
7W(e, 6, Vat), T{vs, f,e), J^{vs,vw,vn)- (It is not a slant REL. This is because one gadget, T{f,h,c), is 
not valid, as we will see later). 

This procedure grows a slant REL of G from the initial cut C = Cq. Then, we iteratively add a gadget 
g to the current graph and the new cut is changed to C ® g. The conditions (1) and (2) for selecting the 
next gadget g ensure that C g \s a. cut. Any gadget g that satisfies (1) and (2) can be added during each 
step while still maintaining the slant property for Gi. However, adding such a g may destroy the slant 
property for G2 faces. The condition (3) that g is valid for C is to ensure the slant property for G2 faces. 
This is the crux of our algorithm and will be discussed in the remainder of the paper. 

Observe that any slant REL IZ = {Ti, T2} of G is generated by adding a sequence of gadgets go, gi, ■ ■ ■ gr 
to the initial cut Co, where go = T{vs,ve,vn) and gx = M.{vs,vw,V]\f)- So if we chose this particular g^ 
during the ith step in Face-Growing procedure, we will get TZ at the end. On the other hand, even if we 
constructed a partial slant REL G^c during the face-growing procedure, there is no guarantee that G^c 
leads to a slant REL of G. In addition, for a given gadget g, there may be more than one gadget addition 
sequence with g as the last gadget (say {go,gi,g2, ■ ■ ■ , gk = g} and {go, qi,q2, ■ ■ ■ ,qi = g}) such that both 
sequences lead to (different) partial slant REL of G, but only one of them leads to a complete slant REL 
of G. Since we do not know which gadget addition sequence leads to a complete slant REL of G, our 
algorithm must explore all partial slant REL's of G. A more detailed implementation of Face-Growing 
algorithm will be discussed in Section [5l 

4 Forbidden-pairs, ^-pairs and A4-triples 

In this section, we discuss the conditions for adding a gadget into the current graph, while still keeping 
the slant REL property. 

After each iteration of Face-Growing algorithm, the edges in the current cut C are always in Ti and 
directed from vs to vn- All Gi faces /i in G^c complete (i.e. both sides of /i are in G^c)- Some 
G2 faces in G|c are complete. Some other G2 faces /2 in G^c open (i.e. the two sides of /2 are not 
completely in G^c-) Each edge on C is the left boundary of an open G2 face. 

Definition 7. Let G\c be a subgraph generated during the above procedure. We say G^c ^■s o partial slant 
REL if the following hold: 

1. Every complete Gi and G2 face in G\c satisfies the slant REL property. 

2. For every open G2 face f in G\c, o,t least one side of f has exactly one edge. 

The intuitive meaning of a partial slant REL G|c is that it is potentially possible to obtain a slant 
REL for G from G^c- L^t C be a cut and e an edge on G. We use open-face(e) to denote the open G2 
face in G^q with e as its open left boundary. The type of open-face(e) specifies the lengths of the lower 
side Pi and the upper side Pu of open-face(e): 
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• Type (1,1): length(PO = 1 and length(P„) = 1. 

• Type (1,2): length(PO = 1 and length(P„) > 2. 

• Type (2,1): length(Pi) > 2 and length(P„) = 1. 

• Type (2,2): length(Pi) > 2 and length(P„) > 2. 

Note that the type of any open G2 face in a partial slant REL cannot be (2, 2). Based on the properties 
of REL, we have the following (see Fig [3]): 

Observation 2. Let C he a cut such that G\(j is a partial slant REL. Let e be an edge on C . 

• If e is the first edge of a{g) of a fan g, then the type of open-face{e) is (1,2). 

• If e is an middle edge of a{g) of a fan g, then the type of open-face{e) is (1,1)- 

• If e is the last edge of a{g) of a fan g, then the type of open-face{e) is (2,1). 

• If e is the first edge of a{g) of a mirror-fan g, then the type of open-face{e) is (1,2). 

• If e is the last edge of a{g) of a mirror-fan g, then the type of open-face{e) is (2,1). 




(1) (2) 



Figure 3: The types of open G2 faces: (1) Faces defined by edges on the front-boundary of a fan; (2) Faces 
defined by edges on the front-boundary of a mirror-fan. 



Definition 8. Let g{vi,Vm, v^) and g'{v'i, v'^, v'/^) be two gadgets of G. The pair {g, g') is called a forbidden- 
pair if one of the following two conditions is true: 

1. vi is on the front-boundary a{g') of g' and the first edge of (3(g) is the last edge of a{g'); or 

2. Vfi is on the front-boundary a{g') of g' and the last edge of (3{g) is the first edge of a{g'). 

Lemma 2. Let {g,g') be a forbidden pair of G. Then adding the gadget g after g' destroys the slant 
property for G2 ■ 

Proof.- Case 1: Suppose the first edge ei of /3(g) is the last edge of a{g') (see Fig|3](l)). Let 62 be the first 
edge of a{g). The type of open-face(ei) is (2, 1) (regardless of whether g' is a fan or a mirror- fan). Note 
that open-face(e2) extends open-face(ei). The length of the upper side of open-face(ei) is increased by 1. 
Thus the type of open-face(e2) is (2, 2) and the slant property for G2 face fails. 

Case 2: Suppose the last edge ei of I3{g) is the first edge of a{g') (see FigU] (2)). Let 62 be the last 
edge of a{g). The type of open-face(ei) is (1,2) (regardless of whether g' is a fan or a mirror-fan). Note 
that open-face(e2) extends open-face(ei). The length of the lower side of open-face(ei) is increased by 1. 
Thus the type of open-face(e2) is (2, 2) and the slant property for G2 face fails. □ 
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(1) (2) 

Figure 4: The proof of Lemma [2) (1) g is a fan; (2) g is a mirror-fan. 

We say a gadget g supports a cut C ii a{g) D C ^ (namely the intersection contains at least one 
vertex). The support set of C, denoted by support(C), is a subset of gadgets {gi,g2, • • • ,gp} such that the 
following hold: (1) C H a{gi) / (1 < i < p), and (2) Uf=i C H a{gi) = C. 

Definition 9. • A gadget pair {g^,g^) is called a ^-pair if P{g^) C a{g^). 

• A gadget-triple {g^^g^^g^) is called an A^-triple if g^ is a mirror-fan that satisfies the following 
conditions: (1) the first edge of f3{g^) is contained in a{g^); (2) the last edge of I3{g^) is contained 
in a{g^); (3) neither {g^,g^) nor {g'^,g^) is a forbidden-pair. 

The following theorem specifies the conditions for gadgets that can be added during Face-Growing 
algorithm, while still keeping the slant property for G2 faces. 

Theorem 3. Suppose that G\c is a partial slant REL of G. Let g be a gadget that is suitable for C and 
a{g) n C = 0. Then G\c ® g is a partial slant REL of G if and only if one of the following holds: 

1. There exists a Q-pair {g,g^) such that g^ G support{G). 

2. There exists an M.-triple {g^ ^g^g^) such that g^,g^ € support{C). 




Figure 5: The proof of Theorem [3l (1) and (2) open faces defined by edges on the front-boundary of a fan 
g; (3) and (4) open faces defined by edges on the front-boundary of a mirror-fan g. 
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Proof: If part: 

Case A: Suppose g is a fan and {g,g^) is a ^-pair with G support(C). (Figs [5] (1) and (2) show two 
examples. In FigsO (1), g^ is a fan. In FigsO (2), g^ is a mirror-fan). Let ei, . . . , be the edges in a{g). 
Let e', e" be the two edges in f3{g). Let C = C ^ g he the new cut after adding g. For each 2 < i < k — 1, 
the type of open-face(ej) is (1, 1). 

• open-face(ei) extends open-face(e'), and increases the length of the upper side of open-face(e') by 1. 

• open-face(efc) extends open-face(e"), and increases the length of the lower side of open-face(e") by 1. 

Regardless of where e',e" are located on a{g^), and regardless of whether g^ is a fan (see Fig[5](l)) 
or a mirror-fan (see Fig [5] (2)), the type of open-face(ei) is (1, 2); and the type of open-face(efc) is (2, 1). 
So the slant property still holds after adding g. 

Case B: Suppose 5 is a mirror-fan and {g,g^) is a ^-pair with g^ G support(C) (see Fig[5](3)). Similar 
to case A, we can show the slant property still holds after adding g. 

Case C: Suppose 5 is a mirror-fan and {g^,g,g^) is an A^-triple with g^,g^ € support(C7) (see Fig [5] 
(4)). Let ei, . . . , Cfc be the edges in (3{g). Let e', e" be the two edges in a{g). After adding g, open-face(ej) 
(2 < i < /c — 1) become complete G2 faces, open-face(ei) and open-face(efc) are extended to become 
open-face(e') and open-face(e"), respectively. We need to check their types. Consider the edge Ck which 
is also in a{g^). Because {g,g^) is not a forbidden-pair, is not the first edge of a{g^). Thus the type 
of open-face(efc) is either (1,1) or (2,1). The open-face(e") extends the open-face(efc) and increases the 
length of its lower side by 1. Thus the type of open-face(e") is (2, 1). Similarly, we can show the type of 
the open-face(e') is (1,2). Thus the slant property still holds. 

Only if part: Suppose that G^(j ^ g is a partial slant REL. Let e', e" be the first and the last edge of 
(3{g), respectively. (If g is a fan, then e' and e" are the only edges of f3{g).) e' must be on the front-boundary 
of some g' G support(C). e" must be on the front-boundary of some g" € support(C). 

If g' = g" = g^, then {g,g^) is a ^-pair. 

Suppose g' 7^ g" . By Lemma [21 neither {g,g') nor {g,g") is a forbidden pair. So the back-boundary of 
g contains at least 3 edges. Hence g is a mirror-fan and {g',g,g") is an A^-triple. □ 

In the REL TZ shown in Fig[2](2), the fan T{f, h, c) is added after J^{vs, d, h) and (^-"(7, /i, c),J^{vs,d, h)) 
is a forbidden-pair. Thus TZ is not a slant REL. 

5 Implementation of Face-Growing Algorithm 

Face-Growing algorithm, as outlined in section [31 adds a gadget g to the current cut C to form a larger 
partial slant REL during each step. In order to determine if this can be done, the algorithm needs to 
check the following three conditions: 

Condition 1: a{g) doesn't intersect the current cut C. 

Condition 2: /3(g) is on the current cut C. 

Condition 3: g is valid for C (i.e. adding g to C still maintains the slant property for G2 faces.) 

However, we cannot afford to explicitly store all current cuts, because there may be exponentially 
many cuts. Instead, Face-Growing algorithm maintains two sets G and G: 

• G is a collection of valid gadgets of G. 

Intuitively speaking, when the algorithm adds a gadget g into G, then there's a gadget addition 
sequence {go,gi, ■ ■ ■ ,g) leading to a partial slant REL TZ. {JZ is associated with a current cut C.) 
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• G is a collection of Q -pairs and feasible Ad-triples. The elements in G help us determine if a gadget 
g is valid or not. 

— A Q-pair is a pair {g^,g^) of gadgets (as defined in Definition E]) . Intuitively, if we have already 
added g^ into the current graph, the existence of a ty-pair {g^,g^) allows us to add g^ into the 
current graph, while still keeping the partial slant property. 

~ A feasible A^-triple is an Al-triple {g^ ,g^ ,g^) of gadgets where g^ is a mirror-fan (as defined 
in Definition [9]) and it satisfies additional conditions (to be discussed later). Intuitively, if 
we have already added g^ and g^ into the current graph, the existence of a feasible 7W-triple 
{g^ ,g'~' ,g^) allows us to add g^ into the current graph, while still keeping the partial slant 
property. 

A more detailed description of Face-Growing algorithm is given below: 

Algorithm 2 Face-Growing Algorithm. 
Input: A proper triangular graph G. 
1: Insert go = g{vs,VE,VN) into G; set (7 = 0. 

2: repeat Find a gadget g such that a{g) does not contain vs,vn as interior vertices and: 

3; either: there exist Cy-pairs {g, g^) ^ G with g^ G G; 

4: insert g into G; insert all such ty-pairs {g,g^) into G; 

5: or: 5 is a mirror-fan and there exist feasible Al-triples {g^,g,g^) ^ G with g^,g^ € G; 
6: insert g into G; insert all such feasible 7V4-triples {g^,g,g^) into G; 

7: until no such gadget g can be found. 

8: If the final gadget g^ = Ai{vs, vw^vj^) is in G, then G has a slant REL. If not, G has no slant REL. 



Initially, G is empty and G contains only the initial fan go = T[vs,ve,vn). Each iteration of the 
algorithm finds either new ty-pairs {g,g^) or new feasible A^-triples {g^,g,g'^) that allow g to be included 
into G. (Note that a gadget g may be added into G multiple times. Each time corresponds to a different 
gadget addition sequence.) After the repeat loop ends, if the final gadget gr is included in G, then G has 
a slant REL. Otherwise G has no slant REL. 

Next we describe how Face-Growing algorithm verifies the above three conditions solely based on the 
information stored in G and G. 

First, because the cuts are not explicitly stored, Face-Growing algorithm does not check if Condition 
1 holds or not. It only checks a{g) does not contain vs, vn as interior vertices. As a result, we might add a 
gadget g into G even if a{g) intersects the current cut G (as long as other conditions are satisfied). We call 
such g a faulty gadget. In subsection 15.31 we will show these faulty gadgets do not affect the correctness of 
the algorithm. 

Let g he a gadget that is being considered by Face-Growing algorithm. Let L = f3{g) be the back- 
boundary of g. Note that L is the portion of the current cut C that is involved in Conditions 2 and 3. 
Define: 

support(L) = {h e support(G) | a{h) n L 7^ 0} 
By Theorem [3l Condition 3 above is equivalent to: 

Condition 3A: The current graph G^c is a partial slant REL; and 

Condition 3B1: Either there exists a Cy-pair {g,g^) with g^ € G; 
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Condition 3B2: Or (7 is a mirror-fan and there exists an A^-triple {g^,g,g^) with g^,g^ € G. 

Consider Condition 3B1: there exists a ^-pair {g,g^) with g^ G G. The fact that g^ G G imphes 
there exists a gadget addition sequence {gg, . . . ,g^) that leads to a partial slant REL with its associated 
current cut C. Thus G^c is a slant REL, and Condition 3A is automatically satisfied. Also, since 
= P{g) ^ Oi{g^)^ we know g^ € support(L) and L = (3{g) is on the current cut G. Thus Condition 3B1 
alone implies Conditions 2 and 3A, and hence allows us to add g into G. This is exactly what Face-Growing 
algorithm does. 

Consider Condition 3B2: there exists an A^-triple {g^ ,g,g^) with g^ ,g^ € G. In this case, all gadgets 
in support(L) that are between (inclusive) the gadgets g^ and are involved in Conditions 3A and 2. 
Thus Condition 3B2 alone is not enough to allow the inclusion of g into G. This is the reason we require 
the existence of a feasible TW-triple in Face-Growing algorithm. This condition is much harder to check. 
In subsections 15.11 and 15.21 we will describe the structure of a feasible Al-triple and show that the 
existence of a feasible 7W-triples is equivalent to Conditions 2, 3A and 3B2 combined, and hence allows 
the inclusion of g into G. 

Next we state a simple fact that will be used repeatedly later (when we show the implementation takes 
polynomial time). Let Af{G) be the set of all gadgets of G. Let deg(t') be the degree of v in G. For each 
V, there are at most 2 • deg(T;) • (deg(f) — 3) gadgets with v as its middle element. Thus the number of 
gadgets of G is at most: 

= \M{G)\ <^2- deg{v) ■ {deg{v) - 3) = 0{n'^) 

So the number of ^-pairs is at most 0{N'^) and the number of feasible A^-triples is at most 0{N^). 
Hence the number of elements in G is at most O(n^). Since each iteration of the repeat loop inserts at 
least one ^-pair or feasible A^-triple into G, the loop iterates at most 0{n^) times. We will show each 
iteration takes polynomial time. So Face-Growing algorithm can be implemented in polynomial time. 

5.1 Checking Feasible A^-triple Condition 

Let 5 be a mirror-fan being considered by Face-Growing algorithm. Let L = f3[g) be the back-boundary 
of g. In this subsection, we investigate the conditions that allow g to be added into G. Then we discuss 
how to test these conditions by using information in G and G. We need the following: 

Definition 10. 1. A Q-pair {g^,g^) or a feasible M.-triple {g^,g^ ,g^) is called a connection and 
denoted by A. Its gadgets, {g^,g^} or {g^ , g'^ , g'^ } , are denoted by gadget{K). 

2. For a connection A = {g^,g^), where g^ = [vj^ ,v^,vl^), g^ = {vf'iV^,v^), the front-boundary of k, 
denoted by a{g^,g^) or a(A), is the path a{g^){vf-,vf") U a{g^) VJ a{g^){vj^,v^). 

3. For a connection A = {g^,g'^,g^), where g^ = {vf ,v^,v^), g^ = {vf^ ,v^,v^), g^ = {vY ,v'^,v\^), 
the front-boundary of A, denoted by a{g^,g^,g^) or a{A), is the path a{g^){vf ^vf) U a{g^) U 
a{g^M,vY). 

Every partial slant REL TZ is obtained by adding a sequence {go,gi, • • • ,gq) of gadgets such that each 
gi < i ^ q) forms a connection with gadgets inserted previously. This set of connections is denoted by 
A(7^). Recall that the frontier of 7^ is a cut G. We define: A(C) = {A G A(7^) | a(A) n C 7^ 0}. When we 
try to add a mirror-fan g to IZ, its back-boundary L = f3{g) is a part of G. Define: 

A(L) = {A G A(C) I the front-boundary of at least two gadgets in A intersects L} 
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Consider a connection A G A(L). If a (A) n L is contiguous on L, A is called a contiguous- connection 
on L. If a(A) n L is not contiguous on L, A is called a fractional- connection on L. In this subsection, we 
discuss a special case: A(L) only contains contiguous-connections. In the next subsection, we will consider 
the more complicated general case: A(L) contains both contiguous and fractional-connections. 

Let vi,V2, ■ ■ ■ ,Vt be the vertices of L (from lower to higher order) and Cj = (1 < i < i) be 

the edges of L. Imagine that we walk along L from vi to vt- On the right side of L, we will pass through 
all gadgets whose front-boundary intersect L. In this subsection, we use support(-L) = {gi,g2, ■ ■ ■ ,gk) to 
denote the sequence of these gadgets in the order they are encountered, where: 

• gi is the gadget such that ei G a{gi) if vi ^ vs] or gi = F{vs,ve,vn) if vi = vg- 

• gk is the gadget such that ct-i G a{gk) if vt ^ vn; or g^ = T{vs,ve, vn) if vt = VN- 

When Face-Growing algorithm tries to add g into TZ, all gadgets in support(L) must have been added 
into G. But this is not sufficient. These gadgets must have been added in a particular way to form 
necessary connections. Specifically, each pair {gi,gi^i) (or triple (gj_i, ^j, ^j+i)) of consecutive gadgets in 
support(-L) must be a connection A G G. When walking along L, we encounter the connections in A(L) in 
an ordered sequence (Ai, A2, • • • , Ah). We call this sequence a backbone of L and denote it by backbone(L). 
It is the existence of the backbone(L) that allows us to add g into G. 

In order to describe the backbone(-L), we need to define the lower- and higher- gadgets of a connection. 

For a ^-pair {g^,g^), the intuitive meaning of the lower- and the higher-gadget is that the highest 
vertex of a{lower- gadget) n L is also the lowest vertex of a{higher- gadget) n L. So, if a{g^) n L is higher 
than a{g^) (IL on L, then we say that g^ is the higher-gadget and g^ is the lower-gadget of A. Otherwise, 
g^ is the lower-gadget and g^ is the higher-gadget of A. If a{g^,g^) intersects L at a single vertex v, the 
higher- and the lower-gadget of A is determined by the following rule: If v is the lowest vertex of a{g^), 
then g^ is the higher-gadget and g^ is the lower-gadget of A. On the other hand, if v is the highest vertex 
of a{g^), g^ is the lower-gadget and g^ is a the higher-gadget of A. 

For an Al-triple {g^,g'^,g^), if all gadgets g^,g'^,g^ intersect L, then we say that g^ is the lower- 
gadget and g^ is the higher-gadget of A. If only g^ and g'^ intersect L, then we say that g^ is the 
lower-gadget and g^ is the higher-gadget of A. If only g'-^ and intersect L, then we say that g'~^ is the 
lower-gadget and g'^ is the higher- gadget of A. 

Now we can describe the ordered sequence (Ai, • • • , A^): 

The first connection Ai: If vi ^ vs, Ai is either a Q-pair such that the edge ei is contained in the front- 
boundary of its lower-gadget; or an A^-triple such that ei is contained in the front-boundary of its 
lower- gadget (see Fig[6](l)). If = vs, Ai is the connection such that T{vs,VE,viy) £ gadget (Ai). 

Intermediate connections: Having defined Aj_i {1 < i < k), the next connection Aj satisfies: (1) 
(a(Aj_i) nL) U (a(Aj) flL) is contiguous on L; and (2) gadget(Aj_i) and gadget(Aj) share a common 
gadget h. The rules (1) and (2) indicate that the front-boundary a{h) of the shared gadget h occupies 
the higher part of a(Aj_i) n L and the lower part of a(Aj) n L at the same time. In other words, the 
shared gadget h is the higher-gadget of Aj_i and the lower-gadget of Aj. Depending on the types of 
Aj_i and Aj, there are the following four cases: 

Case 1: Aj_i = {gti,9ti) and Aj = (5^,9/?) (see Fig [6] (2)). 
Case 2: Aj_i = {gti^oti) and Aj = (<?f ,9?,5f ) (see Fig[6](3)). 
Case 3: Aj_i = {gt^, g^^, gY_^) and Aj = {gf.gf) (see Fig[6](4)). 
Case 4: Aj_i = (^f.^, <?f_i) and Aj = {gf,gf,gY) (see Fig[6](5)). 
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The last connection A^: If vt 7^ fAf, is either a Q-paii such that the edge et-i is contained in the 
front-boundary of its higher-gadget; or an Al-triple such that the edge et-i is contained in the front- 
boundary of its higher-gadget. If Vt = f at, A^ is the connection such that T{vs, ve, vn) £ gadget(Afc). 

We denote this order by Ai :<l A2 • • • A^. Moreover, We cah the ordered sequence (Ai, A2, • • • , A^) 
the backbone of L and denote it by backbone(L). 




(1) (2) (3) (4) (5) 



Figure 6: (1) The first connection is Ai = Q[g^,gA)'i (2) Case 1: Ai_i = (51,52) and Aj = (53,52); (3) 
Case 2: Ai_i = (51,52) and Aj = (5^,52,53); (4) Case 3: Aj_i = (5-^,51,52) and Aj = (52,53); (5) Case 4: 
Ai-i = (9^,91,92) and Aj = (52,53,54)- 



We have seen that in order to insert a mirror-fan 5 with f3{g) = L into a partial slant REL TZ, there must 
exist connections in G that form a backbone(L). Next we discuss how to determine if any backbone(-L) 
exists based on the information in G and G. 

To do this, we construct a directed acyclic graph Gl = (Vl,-E'l) such that each backbone(L) 1-to-l 
corresponds to a directed path in from a source node to a sink node. Intuitively, a vertex in Gl 
represents a connection A G G whose front-boundary intersects L, and an edge A' — >■ A" in G^ indicates 
that A' and A" are two consecutive connections in a backbone(L). 

For the first vertex vi (the last vertex vt, respectively) of L, not all connections that intersect vi 
{vt, respectively) are used to form backbone(L). So we should exclude those connections. The excluded 
connections for -^i and Vt, denoted by T>{ei) and V{et-i) respectively, are defined as follows: 



P(ei) 



V{et-i) 



if vi = vs 

{A G G \ vi £ a (higher-gadget of A) } if vi / vs 

if Vt = V]\f 

{A S G I ft E a (lower-gadget of A) } if ft 7^ f at 



Definition 11. Let g be a mirror-fan and L = f3{g) = {vi, ■ ■ ■ ,vt}. The digraph Gl = (Vl-, El) is defined 
by: Vl = A(L) — 2?(ei) — T>{et-i) and El = { Ai ^ A2 | Ai <l A2}. A node A in Vl is called a source if 
A has no ingoing edges. A node K inVL is called a sink if A has no outgoing edges. 

Lemma 3. Gl is acyclic and can be constructed in polynomial time. 

Proof.- The edge directions of Gl are defined by the relation -^l- Since -^l is acyclic, Gl is acyclic. 

Knowing L, G and G, we can easily identify the node set Vl. For two connections A' and A", we can 
decide whether A' <l A", A" :<l A' or neither by the following three conditions: (1) whether a(A') fi L 
and a(A") fi L are contiguous on L, (2) whether gadget(A') and gadget(A") share some gadgets and (3) 
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whether the shared gadget of gadget(A') gadget(A") is the lower-gadget or the higher-gadget of A' and A". 
If A' <L A" then we include A' — >■ A" in E^. Since both \Vl\ and \El\ are polynomial, we can construct 
Gl in polynomial-time. □ 

Theorem 4. Let g he a mirror-fan and L = f3{g). Assume there are no fractional- connections in A(L). 

1. A backbone{L) 1-to-l corresponds to a directed path from a source node to a sink node in Gl- 

2. All feasible M.-triples {g^,g,g^) can be found in polynomial time. 

Proof; Statement 1. Consider any backbone(L) = (Ai :<l A2 :<l ■ ■ ■ A^). Every connection Aj 
(1 < i < A;) is a node in Vl- Every Aj — > Aj+i (1 < i < A;) is an edge in El. So backbone(L) corresponds 
to a directed path from Ai to A^ in Gl. 

Conversely, consider any directed path Ai —)•••• ^ A^ from a source node Ai to a sink node in Gl. 
Each node Ai (1 < i < k) corresponds to a connection Aj G G. For each 1 < i < k — 1, the edge Aj — )• Aj_|_i 
implies Aj :<l Aj+i. Thus the sequence (Ai, A2, • • • , A^) form a backbone(L). 

Statement 2. We construct the graph Gl corresponding to L, which takes polynomial time by Lemma 
[31 Let {Af , ■ ■ ■ , A^} be all source nodes of Gl. Since Gl is acyclic, for each A^, we can use breadth-first 
search to find the set Wj of sink nodes that are reachable from Af . So for each A^ G Ui, there is a directed 
path from A^ to A^. Then, for each pair (A^,A^) of connections, there exists gadget pair {g^,g^) with 

€ gadget(Af ) and g^ € gadget(A^) such that a{g^) contains ei and a{g^) contains ej_i. Then 
{9^ J 9^9^) is a feasible 7W-triple. □ 



5.2 Extension from Contiguous-Connections to Fractional-Connections 

Let g he a mirror-fan with L = (3{g). Recall that for a fractional-connection A G A(L), the intersection 
a(A) n L is not contiguous on L. In other words, when walking along L, we will see a(A) multiple times. 
Let u and v be the lowest and the highest vertices of L n a(A) respectively. The sub-path L{u, v) can be 
divided into a number of sub-paths that are alternatively on a(A), not on a(A), . . ., on a(A). There exists 
at least one sub-front-boundary a(A)(a, b) such that L{a, b) n a(A)(a, b) = {o, b}. 

For each such pair of vertices 0,6, the interior region bounded by the path L(a,b) and a{A){a,b) is 
called a pocket O of A. The subgraph of G enclosed in this region (including its boundary) is denoted 
by G\0. Within each G\0, there may exist gadgets and connections that do not intersect L{a,b). Thus 
before we can add g into G, we must check if G\0 is a part of a partial slant REL of G. This can be 
done by recursively calling the algorithm on an auxiliary graph constructed from G\0 and denoted by Go- 
Depending on the type of A, Go is constructed as follows. 

Case 1: A = {g^,g^) is a ^-pair, with g^ = J='{c,e,d) and g^ = F{a',c\b') {Vig^l)). 

• Go contains 5^,5^, and G\0 (Fig[7i;2)). 

• Add a new vertex d' and connect d' to all vertices on the path {a{g^ , g^){a' , a),L{a, b), a{g^ , g^){b, b')}. 

Case 2: A = {g^,g^,g^) is a feasible Al-triple, with g^ = T{a',f,d), g^ = T{a",c",b') and 5° = 
M{e,c,e') (FigEtS)). 

• Go contains g^,g^ and G\0 (Fig[7t4)). 

• Add a new vertex c' and connect c' to all vertices on the path {f3{g^){a', d),{d ^ a"), I3{g^){a" , b')}. 

• Go contains g^ with its back-boundary fi{g^) changed to {a{g^){e, d), {d — > a"),a{g^){a" , e')}. 

• Add a new vertex d' and connect d' to all vertices on the path {a{g^ , g'^ , g^){a' ,a), L{a,b), 
a{g^,gO,gU)(b,b')}. 
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(1)" (2) (3) ^ (4) 

Figure 7: (1) {g^,g^) is a ^-pair with a pocket O = {L{a,b),a{g^ , g^){a,b)}; (2) corresponding Go', (3) 
{g^,g^,g^) is a feasible 7W-triple with a pocket O = {L{a,b),a{g^ , g'^ , g^){a,b)}; (4) corresponding Go- 



Note that in both cases Go is a proper triangular graph with vs = a' , ve = c' , vjy = b' and ve = d! . 

We say that a connection A' is contained in A, if each gadget g € gadget (A') is either in where O 
is a pocket of A, or G gadget (A). If A is not contained in any fractional-connection A', then A is called 
a maximal connection of L. 

When our algorithm tests whether a mirror- fan g with L = f3{g) can be added into G, it first tests 
each maximal fractional-connection A in Gl. For each pocket O of A, we need to determine whether 
the auxiliary graph Go has a slant REL or not. This is done by recursively call the algorithm on Go- 
However, we initialize orientations for some gadgets of Go- (In Fig [7] (2), we initialize the orientations 
of the gadgets g^ and g^ as shown. In Fig [7] (4), we initialize the orientations of the gadgets go,g^,g'^ 
and g^). In addition, we slightly modify Algorithm [2) the repeat loop only selects the gadgets g that are 
wholly contained in the inside of the pocket O. 

If the auxiliary graph Go for any pocket O of A fails this test, then A cannot lead to a REL of the 
original graph. Such A is called a bad connection, and we remove it from Gl- On the other hand, if the 
recursive call returns a slant REL of Go for every pocket O of A, then A can be used to build a partial 
slant REL. Such A is called a usable connection and we can use it as if it is a continuous-connection. 

Now we return to the construction of the graph Gl = (Vl, El)- Vl includes all contiguous connections 
and all usable maximal fractional-connections. Then we construct the edges set El by Definition [TTJ In 
this process, we treat each usable maximal fractional-connection A as a contiguous-connection. In other 
words, if u is the highest vertex and v is the lowest vertex in a(A) n L, we change the sub-front-boundary 
a{A){u,v) to L{u,v). 

Since the usable fractional-connections behave exactly like continuous connections, by using the same 
argument as in subsection 15.11 we can conclude that a backbone(L) 1-to-l corresponds to a directed path 
from a source to a sink in G^,. 

Lemma 4. Given a back-boundary L, the number of pockets of L is at most 0{n'^). 

Proof.' Consider a fractional-connection A € A(L). Two pockets O and O' of A corresponds to two non- 
overlapping intervals on L. So the number of pockets of A is at most \L\ = 0{n). Hence the total number 
of pockets of L is at most the number of different fractional-connections times the number of pockets per 
fractional-connection. Since there are at most O(n^) connections, the total number of pockets of L is at 
most 0{n) X 0{n^) = 0{n'^). □ 

Prom the above discussion and Lemma [H we have: 
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Theorem 5. Let g he a mirror-fan and L = P{g). Assume A(L) contains both continuous and fractional- 
gadgets. All feasible M-triples {g^ ,g,g^) can be found in polynomial time. 

5.3 Why Faulty-Gadgets in G Do not Matter. 

As mentioned at the beginning of this section, when processing a gadget g, Algorithm [2] does not check 
the condition a{g) D C ^ fl) and only checks if a{g) contains vs,V]\f as interior vertices or not. As long as 
the other two conditions hold, Face-Growing algorithm will add g into G. If a{g) Ci C ^ f/i, g is called a 
faulty gadget. Thus G contains both valid gadgets and faulty gadgets. In this subsection, we show that 
the faulty gadgets in G do not affect the correctness of Algorithm [2J 




(1) 



Figure 8: (1) A faulty fan g = G{vi,Vm,Vh), x is the highest-touch- vertex and y is the lowest-touch- vertex; 
(2) A faulty mirror-fan g = A4{vi,Vm,Vh) where Vm is the highest-touch-vertex; (3) The gap vertex x. 

Consider a cut G. Let 5 be a faulty gadget with a{g)r\G / that is added into G^c- We call the highest 
(the lowest, respectively) vertex in Gr)a{g) the highest-touch-vertex {lowest-touch-vertex, respectively). A 
faulty gadget must have either the highest-touch- vertex or the lowest-touch- vertex (or both). Note that 
since vs, f at are not interior vertices of a{g), the highest-touch-vertex is not V]sf and the lowest-touch-vertex 
is not Vs. 

Fig [8] (1) shows a faulty fan g = G{vi,Vm,Vh) with x as the highest-touch-vertex and y as the lowest- 
touch-vertex. (The rightmost vertical path represents a portion of the current cut C.) Fig [8] (2) shows a 
faulty mirror-fan g = Ai{vi,Vm,Vh) with Vm as the highest-touch-vertex. 

Consider the case that the algorithm added a faulty fan g = Q{vi,x,Vh) into G where the highest-touch- 
vertex is x, see Fig[8](3). (The cases that g'lsa, faulty mirror-fan and/or there is only the lowest-touch-vertex 
are similar.) The shaded region D in Fig [8] (3) contains gadgets that have not been included in G yet. Let 
G' be the portion of G between x and vn- Since x 7^ vn-, G' contains at least one edge. Let G" be the 
portion of a[g) between vi and x. Let G\ be the concatenation of G{vs,vi), G" and G'. We call x a gap 
vertex oi Gi. Apparently, Gi forms a "new cut". But we will show Gi behaves quite differently from a real 
cut. 

Since Face-Growing algorithm has included g into G, if there is a Q-pair (/, g) such that /?(/) C G", it 
is possible to include / into G. In this case, the gap vertex x remains a vertex in the corresponding new 
cut. 

If the gap vertex x is an internal vertex of the back-boundary of a gadget g' , we say g' covers x. If 
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Face-Growing algorithm allows the inclusion of a gadget g' covering x into G, then the gadgets in the 
region D in Fig [8] (3) will not be included into G. This will lead to wrong result. We show this can never 
happen. 

Consider a gadget g' that covers x. If g' is a fan, then {g',g) is a forbidden pair, and hence g' cannot 
be included into G by Face-Growing algorithm. So if g' were to be included into G, it must be a mirror- 
fan g' = Ji4{u,v,'w) (see Fig [8] (3)). Let h be any gadget in support(C) such that x £ a{h). Even if 
h is in G, there are no ^-pairs nor A^-triples in G that connects g and h. Without this connection, no 
backbone(/3((7')) can be formed. Without a backbone(/3((7')), Face-Growing algorithm cannot add g' into 
G. 

In summary, adding a faulty gadget g into G introduces a gap vertex x into the corresponding cut Ci . 
No gadgets g' that covers x can be included into G. On the other hand, in order to add the final gadget 
gr into G, the back-boundary /3(5'r) must be a cut without gap vertices. Hence a faulty gadget g £ G will 
not affect the correctness of Face-Growing algorithm. 

Theorem 6. Algorithm\M correctly determines if G has a REL or not in polynomial time. 

Proof.- We have shown that G has REL if and only if the final gadget gx = M{vs,v\y,vn) £ G and 
that the existence of faulty gadgets in G do not affects the correctness of the algorithm. So Algorithm [2] 
correctly determines if G has a REL or not. 

The repeat loop in Algorithm [2] iterates at most O(n^) times. By Theorem \5\ each iteration takes 
polynomial time. Hence Algorithm [2] takes polynomial time. □ 

5.4 Backtracking Process 

We have seen that G has a slant REL if and only if the final mirror- fan gx = A4{v^ ,v^) € G when 
Face-Growing algorithm ends. In this subsection, we show how to reconstruct a slant REL of G by 
backtracking. 

Let L be /3{gT) where gr = Migs, Ow, 9n)- Consider a directed path Ai —>■••• ^ Ap in Gl- This path 
corresponds to a backbone(L). Some Aj may be fractional-connections. Let {Oi, • • • , Og} be all pockets 
of these connections. 

As discussed in subsection 15.21 we have constructed an auxiliary graph Go for each pocket O € 
{Oi, • • • , Oq}. G\0 is a subgraph of Go- Also, we have constructed a slant REL of Go, which contains a 
partial slant REL of G|C We denote this partial slant REL of GjO by GjC 

Let Gt = G(Ai, • • • , Ap) be the directed path in Gl that starts from the vertex vs, follows portions 
of a(Ai), q(A2), . . . , a(Ap) until reaching the vertex vn- The subgraph of G enclosed in the directed path 
Vs vw — > vi\j and the path Gt contains the mirror-fan gx and all G\Oi {1 < i < q). A gadget 
g € uf^]^gadget(Aj) is called minimal if a{g) C Gt- 

The backtracking process reverses Face-Growing algorithm, going from West to East. In each iteration, 
it maintains a current cut G. Initially, we start with G = Gt defined above. The edges in G are always in 
Gl and directed upwards. The subgraph between the path vs vw vn and G has been oriented into 
a partial slant REL. 

During each iteration, we pick a minimal gadget g of the current cut G. We add g into the current 
partial slant REL, and adjust the current G accordingly. The process ends when we reach the initial cut 
Gq = Vs ^ ve ^ V]^. The formal backtracking process is given below: 

Theorem 7. Backtracking Process reconstructs a slant REL of G in polynomial time. 

Proof.' By our construction, gx = M.{vs,vw,i^n) £ G implies that there exists a backbone(/3(5T)) 
consisting of connections (Ai,A2,--- ,Ap) with pockets {Oi,02, ■ ' ' -,Oq}- Since each auxiliary graph 
Go,, 1 < « < 9, has a slant REL, ^ = gT[j{^'i=iG\Oi) is a partial slant REL. 



18 



Algorithm 3 Backtracking Process 
1: Find a path Ai ^ Ap in Gpi^g,^y Let {Oi, • • • , Oq} be the pockets associated with this path. 

2: C(Ai,A2,--- , Ap)- 

4: ufLigadget(A,) and T{B) ^ {Ai, Aa, • • • , Ap}. 
5: while ^ / do 



6: Find a minimal gadget g B such that a{g) C C. 

7: if 5 is a mirror-fan then 

8: Find the connection A = M-{g^ , g, g'^) E T{B) wliose middle gadget is g. 

9: Find a path Af ^ A| ■■■—>■ A^ in G/3{g) with associated set of pockets {Of, Of, • • • , O^}- 

10: Add g and ,G|0^, • • • , G|0^} to 

11: Remove 5 from and insert U^^]^gadget(A|') into 

12: Remove A from T(,B) and insert {A^, Ag, • • • , A|} into T(S). 

13: C ^ C{vs,a) U C(Af,Af,--- ,A^)(a,6) U C{b,VN) where a is the lowest vertex of I3{g) and 

6 is the highest vertex of /3{g). 

14: else(g is a fan) 

15: Find the connection A = {g,g^) € T(B). 

16: Remove (7 from B and add g( to 

17: Remove A from T{B). 

18: C ^ C{vs, a) U a{g^)(a, h) U C(6, i^at) where a is the lowest vertex of a{g^) and 6 is the highest 

vertex of a{g^). 

19: end if 



20: end while 



During each iteration, T{B) is always a backbone(C) of the current cut C. Also some connections in 
backbone(C) must contain at least one minimal gadget. So in each iteration of the loop, Algorithm [3] can 
always proceed with a minimal gadget g. 

When g is a mirror-fan in B, there must exist a feasible A^-triple A = A4{g^ , g, g^) G T{B). It implies 
that we have a backbone(5) = (Af , • • • , A^) in 6*^(3) with pockets {Of, ■ ■ ■ , Of^}. By the same reason, since 

each G^3, 1 < i < /i has a slant REL, = |J g[j{u'l^^G\oj) is a partial slant REL of G. 

The while loop ends only when it reaches the initial cut Cq = vs ^ ve ^ v^. Then the partial slant 
REL becomes a slant REL of G. 

Each step of Backtracking process takes polynomial time by using the information stored by Face- 
Growing algorithm. Since the loop iterates 0{n) time, Backtracking process takes polynomial time. 

□ 

6 Conclusion 

In this paper, we present a polynomial time algorithm that, given a proper triangular planar graph G, 
constructs an area-universal rectangular layout for G (if it has one). This is the first polynomial-time 
algorithm for solving this problem. Our focus is to establish the polynomial run-time of the algorithm. No 
attempts were make to reduce the run time. As a result, the run-time is a high-degree polynomial in n. 
Our analysis is overly pessimistic. For example, the number of connections should be far less than 0{n^) 
and the number of pockets for a back-boundary should be far less than 0{rJ) stated in LemmalU It would 
be interesting to find a more efficient algorithms for solving this problem. 
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